In this paper we study the geometry of first time singularities of the mean curvature flow. By the curvature pinching estimate of Huisken and Sinestrari, we prove that a mean curvature flow of hypersurfaces in the Euclidean space R n+1 with positive mean curvature is κ-noncollapsing, and a blow-up sequence converges locally smoothly along a subsequence to a smooth, convex blow-up solution. As a consequence we obtain a local Harnack inequality for the mean convex flow.
Introduction
In this paper we are concerned with the geometry of the first time singularities of the mean curvature flow of closed, smooth hypersurfaces in the Euclidean space R n+1 . The singularity profile has been studied by many authors [5, [8] [9] [10] [11] [12] [13] 15, 21, 22] , but in general it can be extremely complicated.
For example an open problem is whether for any k > 1, there is a self-similar toric solution of genus k in R 3 . Therefore as in [8-13, 21,22] , we restrict to the mean curvature flow of hypersurfaces with positive mean curvature, namely the mean convex flow.
For the mean convex flow, Huisken and Sinestrari [11, 12] proved the following crucial one-side curvature pinching estimate, namely at any point up to the first time singularity, λ 1 ≥ −ϕ(λ 1 + · · · + λ n ), (1.1) where λ 1 ≤ · · · ≤ λ n are the principal curvatures and ϕ is a nonnegative function depending on the initial hypersurface and satisfying ϕ(t)/t → 0 as t → ∞. This estimate corresponds to a one-side curvature pinching estimate of Hamilton and Ivey (see [6] ) for the Ricci flow of 3-manifolds. By estimate (1.1) and Hamilton's Harnack inequality [7] , Huisken and Sinestrari proved that the blow-up sequence at the maximal mean curvature points of type II singularities converges along a subsequence to a convex translating solution.
In this paper we study the asymptotic behavior of general blow-up sequences. First we prove (see §3 for terminology and notation). The local smooth convergence means for any R > 0, F k ∩ Q R converges in the C 3 topology, where Q R denotes the parabolic cube in spacetime.
We then prove the κ-noncollapsing. By our definition in §3, the κ-noncollapsing means a pinching of the solution by a sphere from inside. Recall that (1.1) then means a pinching from outside. Note that the κ-noncollapsing is invariant under dilation. Hence Theorem 1.2 implies a blow-up sequence at any points in the flow F is κ-noncollapsing with the same κ. By the convexity of blow-up solutions, we can improve Theorem 1.2 to Theorem 1.3. There exists a constant κ * > 0 depending only on n, such that any normalized limit flow to any given mean convex flow in R n+1 at the first time singularities is κ * -noncollapsing.
The normalized condition in Theorem 1.3 is only to exclude hyperplane as limit flows. Theorem 1.3 can be applied to mean curvature flow with surgeries. To prove Theorem 1.2, we show that a pair of hyperplanes, including a multiplicity two plane, cannot be a blow-up solution. From Theorem 1.2, we have
Corollary 1.1 The grim reaper is not blow-up solution.
Here the grim reaper is the translating solution determined by hypersurface {x ∈ R n+1 : x n+1 = − log cos x 1 }, which is the product of R n−1 with the curve x n+1 = − log cos x 1 in a 2-plane.
Corollary 1.2 The set of normalized blow-up solutions is compact.
By our definition in §3, the mean curvature of a normalized blow-up solution is equal to 1 at the origin in space time. Hence by Theorem 1.1, a hyperplane is not a normalized blow-up solution. If one includes hyperplanes as blow-up solutions (at regular points), then the set of all blow-up solutions whose mean curvature is uniformly bounded by a positive constant is compact.
From Theorems 1.1 and 1.2, we have a local Harnack inequality. Corollary 1.3 Let F = {F t } t∈[0,T ) be a mean convex flow. Then for any R > 0, there exists δ > 0, depending only on n, R, and the initial condition F 0 , such that for any point p = (x 0 , t 0 ) ∈ F at which the mean curvature is greater than δ −1 , and any point q ∈ F in the parabolic cube Q R/H (p), we have
where H is the mean curvature at p.
Note that if one can prove the local Harnack inequality first, by the curvature pinching estimate (1.1), one obtains immediately Theorems 1.1 and 1.2. Theorem 1.1 asserts that every blow-up solution is convex. But to understand the geometry of the singularities more precisely, we wish to classify all blow-up solutions, or more generally all ancient convex solutions, as a blow-up solution must be ancient. The study of ancient convex solutions was carried out by the second author in [20] . The following results have been obtained: (a) A blow-up translating solution in R 3 is rotationally symmetric.
(b) There exists non-rotationally symmetric translating solution in R n+1 for n > 2.
(c) The blow-down of a blow-up solution is a shrinking sphere or cylinder.
Then at any point x 0 ∈ F t 0 with large mean curvature, the surface F t 0 is, after normalization, very close to either a cylinder or a convex cap.
Part (d) can be restated as follows: For any ε > 0, R > 1, there exists r ε,R > 1 such that for any normalized blow-up solution
where H is the mean curvature of F ′ 0 at p.
The above results show that the singularity profile of mean convex flow is in line with those of Perelman for the Ricci flow of 3-manifolds [17] . In particular our results for mean convex flow in R 3 correspond to those for the Ricci flow, therefore it is conceivable that one can carry out surgeries as in [13] . We will not get into details in this direction. We point out that the idea of our proof is different from that of Perelman. Perelman needs to prove the κ-noncollapsing and classify ancient κ-noncollapsing solutions before he obtains the local smooth convergence of blow-up sequences. We use the curvature pinching estimate (1.1) and some basic estimates of parabolic equations to prove the smooth convergence (Theorem 1.1) first, and then use it to obtain other results.
Some related results have been obtained in a recent paper [13] , in which Huisken and Sinestrari studied the mean curvature flow with surgeries in R n+1 . They proved that when n ≥ 3 and the sum of the least two principal curvatures λ 1 and λ 2 is positive, a blow-up sequence sub-converges locally smoothly to a convex blow-up solution and every blow-up solution is very close to a canonical one.
In an earlier work [21] ( §12), prior to Perelman's paper [17] , White proved that the grim reaper and a multiplicity two plane cannot be blow-up solutions, which was used in [22] to prove that a blow-up sequence sub-converges locally smoothly to a convex blow-up solution. Therefore Theorems 1.1 and 1.2 belong to White [21, 22] . His proof contains many novel ideas but nevertheless is very involved. It uses various results in geometric measure theory and minimal surface theory. It is difficult for a reader without background in these areas to understand.
Most recently, Ben Andrews discovered a direct geometric proof of the κ-noncollapsing, which, together with (1.1), also implies the smooth convergence to a convex solution in Theorem 1.1. There are many other interesting geometric flows in Euclidean space or Riemannian manifolds. Different methods may apply to different situations. Our argument may apply to curvature flows of hypersurfaces provided one can establish a similar one-side curvature pinching estimate as (1.1) and related interior a priori estimates. This paper is arranged as follows. We include in §2 some preliminaries. In §3 we introduce the terminology and notation. In §4 we prove the convexity of limit flows. In §5 we prove that a semi-noncollapsing blow-up sequence converges locally smoothly to a limit flow. In §6 we prove any blow-up sequence is semi-noncollapsing. The proof of Theorems 1.1-1.3 is finished in §7. Finally in §8 we discuss tangent flows.
The authors would like to thank Shizhong Du and Oliver Schnürer for carefully reading this paper and their helpful comments.
Preliminaries
A time-dependent, smooth embedding F t = F (·, t): M → R n+1 , where t ∈ [0, T ), is a solution to the mean curvature flow if
where H is the mean curvature, ν is the unit inward normal. When F t (M) is locally a graph, we have the parabolic equation
It is well known that the mean curvature H satisfies the equation [8] 
3) we also see that if u is a solution of (2.2) in Q for some constant C depending on n and F 0 . Indeed, (2.4) follows from the following equation [10] ,
For the mean curvature flow of graphs, we have the interior gradient and second derivative estimates. That is if u is a smooth solution to (2.2) in Q n r , then for 0 < t ≤ r 2 ,
where M = sup Q n r |u|, C 1 , C 2 depend only on n, and C 3 depends on n and M.
Estimates (2.5) and (2.6) were established in [5] . The estimate (2.5) in [5] also depends on the Lipschitz continuity of the initial condition. But by choosing the auxiliary function
as in [19] , where
function, ϕ(u) = 1 + u/M, one obtains (2.5) by the computation in [19] .
Terminology and notation
First we recall the terminology in [21] . Let F = {F t } t∈[0,T ) be a mean convex flow, which develops first time singularity at time T . For any sequences
where
namely one first makes a translation such that p k = (x k , t k ) becomes the origin in space-time, and then make a parabolic dilation of scale a k . We get a blow-up sequence
Note that for a normalized blow-up sequence, (x k , t k ) must converges to a singular point (due to the assumption a k → ∞).
If F k converges locally smoothly (i.e. smoothly in any compact set) to a mean curvature flow F ′ , we say F ′ is a limit flow, or a blow-up solution. If F k is a normalized blow-up sequence, the limit flow (blow-up solution) is accordingly called normalized. κ-noncollapsing. For any point (x, t) ∈ F , we say F is κ-noncollapsing at (x, t) ∈ F if r x,t H(x, t) ≥ κ, where κ > 0 is a constant, H(x, t) is the mean curvature of F at (x, t), and r x,t = sup{ρ : B ρ (z) ⊂ U t and |z − x| = ρ}.
Tangent flow. A limit flow is called tangent flow if the sequence (x
(r x,t is the radius of the largest ball which is contained in U t and tangential to F t at x). We say F is κ-noncollapsing if it is κ-noncollapsing at any point before the first time singularity.
The grim reaper: It is the translating solution given by x n+1 = − log cos x 1 (it is the product of a curve with R n−1 ).
Remark 3.1.
(i) By (3.1), the point (0, 0) always belongs to F k for all k, and also belongs to the limit flow F ′ if it exists. Moreover, the mean curvature of a normalized blow-up sequence F k is equal to 1 at (0, 0).
(ii) A limit flow is an ancient flow.
(iii) The κ-noncollapsing is invariant under translation and dilation of coordinates.
Hence if F is κ-noncollapsing, so is any blow-up sequence with the same κ.
(iv) We always have κ ≤ n.
(v) It is easy to verify that r x,t depends continuously on (x, t) and F . Namely if F k converges locally smoothly to F ′ , and
(vi) A semi-noncollapsing blow-up sequence may contain a collapsing component, but we will rule out the case in §5 (Remark 5.1). Also a collapsing blow-up sequence may contain two or more collapsing components.
Notation:
M: an oriented, compact n-dimensional differential manifold without boundary.
: smooth solution to the mean curvature flow with initial condition
F t : we also use F t to denote the hypersurface F t (M), and
the ball in R n+1 of radius r with center at x.
For a blow-up sequence
In this paper, we use x = (x 1 , x 2 · · · , x n+1 ) to denote a point in R n+1 , and use is not empty, it suffices to prove that for any two interior points z 0 , z 1 ∈ U
By a proper translation and rotation of coordinates, we assume that z 0 = (0, · · · , 0, 1) and
Since the initial hypersurface F 0 is smooth and mean convex, the singularity set is strictly contained in the domain enclosed by F 0 . Hence Ω ⊂ U k t for any large k, provided −t is sufficiently large. If the line segment z 0 z 1 is not contained in U
, we decrease t to a momentt =t k such that Ω ⊂ U k t but ∂Ω contacts with the boundary of U k t at some point z * , namelȳ
, we have z * ∈ ∂Ω ∩ {−1 < x n+1 < 1}. Let λ and Λ be the least and largest principal curvatures of F k t at this point. By comparing the principal curvatures of ∂Ω and F k t 0 , we have λ ≤ − 1 4 δ and Λ ≤ 4δ −1 . Hence the mean curvature
. Applying these estimates to the curvature pinching (1.1) we obtain −δa k ≥ −ϕ(Cδ −1 a k ). Note that δ > 0 is fixed, a k → ∞, and ϕ(t)/t → 0 as t → ∞, we reach a contradiction.
The above proof is inspired by an idea in [22] (pages 130-131, [22] ). We made some changes to make use of the curvature pinching estimate (1.1). Note that the curvature pinching estimate in [11, 12] is written in a different way, but it is easy to see that it implies (1.1).
Smooth convergence
We prove a local curvature estimate (5.3), from which it follows the smooth convergence of a semi-noncollapsing blow-up sequence.
Given constants δ, d ∈ (0, 1], we say a mean convex flow F has property P a δ,d at a point p 0 = (x 0 , t 0 ) ∈ F if (a) below is satisfied; and F has property P a,b δ,d at p 0 if both (a) and (b) are satisfied; where
where N δ denotes the δ-neighborhood.
Assume F has property P a,b δ,d at p 0 . Choose a coordinate system such that x 0 is the origin and
Since the origin 0 ∈ F
, by the convexity of ϕ we have ϕ(
2 , t 0 ], noting that F is a mean convex flow, by assumption (b) we see that
. A simple application of the comparison principle for the mean curvature flow implies that ϕ(0, t 0 ) ≤ −d, which is in contradiction with (b). The Claim is proved.
By the interior gradient estimate (2.5), we have
for |x ′ | < δd/4 and t ∈ (t 0 − ( 
where Λ F (p) = |λ 1 (p)|+· · ·+|λ n (p)|, and λ 1 (p), · · · , λ n (p) are the principal curvatures of F t at x, p = (x, t) ∈ F . The constants C ′ δ,n and C ′′ δ,n depend only on δ and n but are independent of d, which can be easily seen by making the dilation x → x/d.
Next we prove a technical lemma. Denote C x 0 ,δ = {x ∈ R n+1 : x = x 0 + t(y − 
. Then ∃ ε > 0, depending only on n, r, R, such that the following conclusion holds: If at any point x 0 ∈ F with C x 0 ,r/4 ⊂ U, the principal curvatures of
Proof. If the lemma is not true, assume inf{|x| : x ∈ F : C x,r/2 ⊂ U} is attained at x 0 . Let P be the two-dimensional plane determined by 0, x 0 , and ν, where ν is the normal of F at x 0 . Let ℓ be the intersection of P with F . Then the tangent line of ℓ at x 0 is also tangential to ∂B r/2 (0), and a tangent plane of F at x 0 is also a tangent plane of ∂B r/2 (0). Let us parameterize ℓ = {x(s) : s ≥ 0} by its arclength, starting at x 0 , and let α(s) = |x(s) 
provided k is sufficiently large.
Proof. If the lemma is not true, let
For any given k, since d k,p is upper semi-continuous in p and F k is a smooth mean curvature flow, there exists a pointp k = (x k ,t k ) ∈ F k such that
and D is the dilation in (3.1). Then for any point p = (x, t) ∈F k with t < 0, the principal curvatures ofF k satisfy ΛFk(x, t) ≤ Remark 5.1. To conclude that F k itself converges locally smoothly, we need to rule out the possibility that F k contains two or more components, one is the seminoncollapsing component and the others are collapsing (the argument in §4 implies that a blow-up sequence cannot contain two or more semi-noncollapsing components).
Let p 0 = (x 0 , t 0 ) be a point inside the collapsing component (we need to translate F k slightly such that the collapsing component of F k share a common point p 0 for all k), and let B 2r (p 1 ) be a ball in U ′ 0 (we assume without loss of generality that U ′ 0 = ∅). Let C = {q = tp 0 + (1 − t)p : t ∈ (0, 1), p ∈ B r (p 1 )} be a convex cone with vertex at p 0 . As in the proof of Lemma 4.1, let
we get a new sequenceF k . ObviouslyF k is semi-noncollapsing. By Corollary 5.1, it converges locally smoothly to a convex limit flowF ′ . The smooth convergence implies that P 0 is the tangent plane ofF Therefore we have proved the following theorem. We point out that Corollary 5.1 is sufficient for the treatment in the next section to rule out collapsing. 
and F k t ∩ C R consists of two disconnected components,
such that the projection of both G 
Semi-noncollapsing
In this section we prove that every blow-up sequence is semi-noncollapsing. The proof consists of two steps, in the first one we show that if every collapsing blow-up sequence is double sheeting, then there is no collapsing blow-up sequence (Lemma 6.2). In the second one we show that every collapsing blow-up sequence must be double sheeting (Lemma 6.4).
First we introduce the notion of double sheeting. We say a blow-up sequence F k is double sheeting if for any R > 0, ε > 0, there exists k R,ε > 1 such that for all k ≥ k R,ε , t ∈ (−ε −1 , −ε),
where G f k and G g k are graphs of functions
Moreover, for any |x ′ | < R, −ε −1 < t < −ε, and k ≥ k R,ε ,
Recall that by our definition in §3, the origin in space-time is a point in F k . For any given τ < 0, if there is a positive constant c 0 such that r k,0,τ ≥ c 0 ∀ k by Theorem 5.1, F k converges locally smoothly to a convex limit flow. If
, where a k = 1/r k,0,τ , p k = (0, τ ), and D is the dilation in (3.1).
By Theorem 5.1, F k converges locally smoothly to a convex limit flow Proof. By (6.4) and the smooth convergence of F k to F ′ , U ′ 0 does not contain a ball B r (z) such that r > 1 and 0 ∈ B r (z). Hence U ′ 0 cannot be a half space and F ′ 0 cannot be a (single) plane.
If the limit flow F
′ is not a pair of parallel planes, then the mean curvature of F ′ is positive everywhere and it will pass through the origin in finite time. But on the other hand, since τ < 0, by the parabolic dilation above, the origin is contained in U ′ t for all t > 0. This is a contradiction.
Note that by Hamilton's maximum principle for tensors, the second fundamental form of a convex mean curvature flow has constant rank [12] . It implies the mean curvature is positive everywhere.
Therefore if r k,0,τ → 0 for some τ < 0, then F k is a collapsing blow-up sequence, and for any given t < 0, U k t does not contain a common ball for all large k (this property will be used in the argument below). Indeed, if U k t (for some t < 0) contains a common ball for a subsequence k → ∞, by Theorem 5.1, F k converges locally smoothly to a convex limit flow F ′ . Suppose F ′ becomes extinct at T ′ . By the smooth convergence F k → F ′ and the convexity of F ′ , it is not hard to show that
Lemma 6.2. If every collapsing blow-up sequence is double sheeting, then collapsing blow-up sequence does not occur.
Proof. Let F = {F t } t∈[0,T ) be a mean convex flow which develops first time singularity at time T . Let U T = U ∩ {t ≤ T } (see notation in §3). Regard U T as a domain in the space-time. For any small r > 0, and any given point p = (x 0 , t 0 ) ∈ ∂U T with t 0 ≥ 1 2
T , denote
Since F t is smooth, closed, and mean convex for t < T , we have (i) w is continuous and non-decreasing in r;
(ii) w(r) > 0 for any r > 0; (iii) w(r) is attained at some point (x r , t r ).
If there is a collapsing blow-up sequence, we have
Thus there must be a sequence r i → 0 such that
Suppose w(r i ) is attained at p i = (x i , t i ). By definition we have w p i (r i ) = w(r i ) and w p i (3r i ) ≥ w(3r i ). Hence
(F ) be the blow-up sequence of F at p i . Since
, where r k,0,τ is the number given in (6.4), relative to the blow-up sequence F k . Hence F k is collapsing. Hence by assumption, F k is double sheeting.
Suppose the two sheets are given by (6.2). Denote which converges as k → ∞ locally uniformly to the heat equation. Sinceû k (·, t) is decreasing in t, the Harnack inequality
holds, where the constant C is independent of both k and R, provided k is sufficiently large such thatû k is well-defined in Q 2R (0, −1) and satisfies the double sheet- and sending R → ∞, we concludes thatû − infû ≡ 0, namelyû ≡ infû in R n . Hencê u k converges locally smoothly toû(0, −1) = 1 in R n . On the other hand, by (6.6) we
we reach a contradiction.
The above proof is inspired by the proof of Theorem 9.2 in [21] (pages 688-690). Next we show that every collapsing blow-up sequence must be double sheeting. First we prove 
Rescaling back we see that for any time t < 0, F k t ∩ C r is double sheeting locally for small r > 0, namely it consists of two separate parts G f k and G g k , as given in (6.2). Denote keep separate for all r ∈ (0,r)}.
We point out that µ + k,τ,r and µ − k,τ,r are the graphs G f k and G g k when r is small, but may not be graph when r is large. Let y k,τ be the point at which the two parts µ Proof. We need to consider three different cases.
Case 1: |y k,τ | → ∞ for all τ < 0. In this case, for any given R > 0, C R ∩ F k t consists of two separate components for all t ≤ τ . By Remark 5.2 and Lemma 6.3, each of the two components converges locally smoothly to the plane {x n+1 = 0}. Hence F k is double sheeting.
Case 2: |y k,τ | → a 0 > 0 for some τ < 0. As in Case 1, C R ∩ F k t (for any R < a 0 ) consists of two separate components which converges locally smoothly to the plane {x n+1 = 0}. Let ℓ k,τ be the shortest path contained inŪ k τ which connects 0 to y k,τ . Then by definition, the arclength of ℓ k,τ is equal to ρ k,τ . Since F k t is smooth for all t < 0, there is a pointŷ k,τ ∈ ℓ k,τ such that
. We get a new blow-up sequence which converges to a convex limit flowF ′ with a nonempty interior. By Proof. Let ℓ k,τ be the shortest path in U k τ connecting 0 to y k,τ . For a sequence of points z k ∈ ℓ k,τ , let r k = r k,z k ,τ be given in (6.4) and let d k = d z k ,y k,τ be the arelength of ℓ k,τ from z k to y k,τ .
each converges smoothly to a hyperplane. Hence we have |y k,τ | ≥ 1 2
We have thus proved that every blow-up sequence is semi-noncollapsing. 
is a collapsing blow-up sequence. But any blow-up sequence is seminoncollapsing, we also get a contradiction.
If the grim reaper is a limit flow, then by a proper translation, there is a limit flow which is a pair of parallel planes. 
where r x,t is defined in (3.2), we consider the blow-up sequence
where a k = 1/r x k ,t k . By Theorem 5.1, F k converges locally smoothly to a convex limit flow F ′ . By (7.1), the mean curvature of F k 0 at 0 is equal to δ k . Hence the mean curvature of F ′ 0 vanishes at the origin, which implies F ′ 0 is a single hyperplane or a pair of parallel planes (by the constant rank of the second fundamental form). The former case is ruled out by our definition of r x,t in (3.2), as it implies that the unit sphere is the largest tangent sphere of F ′ 0 at the origin. The latter case was ruled out in Corollary 6.1. Hence there is a δ > 0 such that r x,t H(x, t) ≥ δ for all point (x, t) ∈ F . 
where x n+2 = −t, and u k satisfies the equation
Since F ′k is normalized, the mean curvature of F ′k 0 = {u k = 0} is equal to 1 at the origin, namely |Du k (0)| = 1.
By Proposition 4.1 [20] , u k is a convex function, and by Theorem 2.1 [20] (the version arXiv:math.DG/0404326), we have the estimate
for some constant C depending only on n. Hence u k converges along a subsequence to a convex function u, whose level set is still a solution to the mean curvature flow.
Since r k → 0 and F ′k is convex, the volume of the convex sets {u k < 0} ∩ B R (0) converges to zero for any given R > 0, for otherwise F ′k is MCF of graph with uniformly bounded gradient near the origin. Hence we have u(0) = 0, u ≥ 0.
Recall that |Du k (0)| = 1 and u k is convex, by a rotation of coordinates we assume that {x n+2 = x 1 } is a supporting plane of u k at 0, namely u k (x) ≥ x 1 for any x ∈ R n+1 .
Hence we also have u(x) ≥ x 1 ∀ x ∈ R n+1 .
By Lemma 2.6 of [20] , the set {u = 0} is either a single point, or a linear subspace of R n+1 .
In the latter case, we may choose the axes such that {u = 0} is the subspace spanned by the x k+1 , · · · , x n+1 -axes. Then by convexity, u is independent of the variable x k+1 , · · · , x n+1 , namely u(x) = u(x 1 , · · · , x k ). By restricting u to the subspace R k spanned by the x 1 , · · · , x k -axes, it reduces to the former case, namely the set {u = 0} is a single point.
Since the level set F t := {u = −t} is a convex solution to the mean curvature flow, by Huisken [8] , it converges to a round point. Hence we have u(x) = O(|x| 2 ), which is in contradiction with the estimate u(x) ≥ x 1 . Hence r k has a positive lower bound. This completes the proof.
Proof of Corollary 1.3. Assume to the contrary that (1.2) is not true, then there exists δ k → 0, and two sequences of points p k and q k , where q k ∈ Q R (p k ), such that H(p k ) = δ k . We reach a contradiction, as F k converges locally smoothly.
Similarly one can prove the second inequality of (1.2).
Tangent flow
First we state the following result, which is due to Huisken [10] , see also Ilmanen [15] , and White [22] . From Theorems 1.1 and 1.2, we also have the follow result, which means that the blow-up solution at a fixed first time singular point is a shrinking sphere or cylinder. Proof. Let (x 0 , t 0 ) be a first time singular point. For any τ > 0 small, let x τ ∈ F t 0 −τ be the point closest to x 0 . It suffices to prove that where r τ = dist(x 0 , F t 0 −τ ).
For the first inequality, consider the normalized blow-up sequence F τ at (x τ , t − τ ), which converges along a subsequence locally smoothly to a convex limit flow F ′ . By the κ-noncollapsing and since F τ is normalized blow-up sequence, there is a sphere of radius κ, tangent to F 2 ), which is equivalent by the scaling (3.1) to that H(x τ , t 0 − τ )τ 1/2 ≥ c 0 (here H is the mean curvature of F ).
Hence the velocity at x τ of the MCF is greater than c 0 τ −1/2 , which implies that . We obtain the first inequality.
To prove the second inequality, we consider the sphere ∂B rτ (x 0 ) at time t 0 − τ , at any given τ . If r τ > √ 2nτ , the above sphere evolving by the MCF will not shrink to the point x 0 at time t 0 , and so (x 0 , t 0 ) cannot be a singular point of the MCF F .
